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Abstract
Nucleon-nucleon potential is given in coordinate space starting
from the Bethe-Salpeter equation appropriate to elastic scattering at
the intermediate energy region. The next order in the potential is
added to construct the scattering wave for 3S1 state. The constant
terms have an effect on the spin observables particularly at the center
of mass angle θ = 90◦.
Nucleon-nucleon interaction is significant to draw conclusions on the nu-
clear system. Particularly the elastic scattering experiments provide many
observables as the incident energy increases and which are useful to study the
fundamental properties of the nuclear force from the pion tail to the short-
range region. For them the meson-exchange model with the pseudovector
coupling pion interaction is available. Then the off-shell behavior should be
treated by the Bethe-Salpeter (BS) equation of the spinor-spinor type [1].
The non-perturbative character is reflected upon the potential and for the
calculation of the nuclear system it is taken into account as much as possi-
ble. One of the interesting properties of the BS equation is the relative time
and the effects of the retardation in the propagators and the vertex part of
pion-nucleon coupling are indispensable to treat the potential part exactly.
To obtain the observables on two-nucleon system the region in which the
relative time t = 0 is sufficient within the framework of the relativity.
In our previous study the BS equation has been expanded by a set of the
Γ matrices and which results in the simultaneous equations [2]. By virtue of
the auxiliary relation the first derivatives of the components with respect to
t at t = 0 are permitted to drop and the equations become approximately
the equivalent form with the Schro¨dinger equation. Therefore various ways
to solve the equation under the singular potential [3] are applicable for the
investigation of the elastic scattering.
To proceed calculations the equations in momentum space are converted
to the ones in coordinate space by the Fourier transform. They are given as
1
follows
(−k2/M + ∂µ∂µ/M)ψP (x) +M−1P0 F [ψi, ψP , ψa] = −VP (x)ψP (x), (1)
(k2/M − ∂µ∂µ/M)ψa(x) + 2M−1 ∂20 ψa(x) + 2F [ψi, ψP , ψa]
= Va(x)ψa(x) + V
i
a (x)ψi(x), (2)
(−k2/M + ∂µ∂µ/M)ψi(x)− 2M−1 ∂20 ψi(x) + iM−1∂i F [ψi, ψP , ψa]
= −V ji (x)ψj(x)− V ai (x)ψa(x), (3)
F [ψi, ψP , ψa] ≡ 2 i ∂i ψi(x) +M ψa(x) + P0
2
ψP (x), (4)
in which both sides of the equations are divided by the nucleon mass M so
that the connection to the Schro¨dinger equation is made clear. Here ψP (x ),
ψa(x ) and ψi(x ) (i = 1, 2, 3) denote the pseudoscalar, the axial-vector and
the i-th component of the tensor waves respectively.
In the center of mass system k ≡
√
P 20 /4−M2 and it depends on the
total energy P0 of the two-body system. When we apply the equations to
elastic scattering between two nucleons the kinetic energy T of the incident
nucleon in the laboratory system is needed as the input parameter. Using
the relation of the Lorentz transformation between the laboratory system
and the center of mass system it is shown that T and k are connected by the
relation k =
√
MT/2.
To deduce the observables on two-nucleon system the dependence of the
solutions on relative time t is neglected by restricting the region of space-time
at t = 0. The instantaneous approximation about the propagation of meson
corresponds to the nonrelativistic treatment applicable to the phenomena.
Then the correction of the terms ∼ ∂2/∂t2 in Eqs. (1) ∼ (3) may supply the
alternative way to treat the relativistic effect.
Each of three simultaneous equations (Eqs. (1) ∼ (3)) is connected with
one another by the term F [ψi, ψP , ψa]. It plays an important role to inves-
tigate the quadrupole moment of deuteron. The tensor equation (Eq. (3))
enables us to describe the spin triplet state. The contribution of three waves
may cancel to a degree so as to make the value of F [ψi, ψP , ψa] nearly equal
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to zero in the asymptotic approximation. So in order to do computations
for elastic scattering easily we follow the speculation and drop the terms on
F [ψi, ψP , ψa] breaking the usual spin-orbit structure.
Both the pseudoscalar equation (Eq. (1)) and the axial-vector equation
(Eq. (2)) describe the spin singlet and then the tensor equation (Eq. (3)) cor-
responds to the spin triplet states. The dynamical properties of two-nucleon
system are governed by the potential
VP (x) ≡ iM−1
∑
i= σ,ω,pi,ρ
λPi Gi v(x)i, (5)
Va(x) ≡ iM−1
∑
i= σ,ω,pi,ρ
(−λAi )Gi v(x)i
+2iM−1
Gpi
m2pi
v1(x)pi + 4iM
−1Gρa
2v1(x)ρ, (6)
V kj (x) ≡ iM−1
∑
i= σ,ω,pi,ρ
λTi Gi v(x)i δ
k
j
−4iM−1Gpi
m2pi
v1(x)pi δ
k
j − 2iM−1
Gpi
m2pi
xjx
k
r2
v2(x)pi, (7)
V ia (x) ≡ −4M−1Gρ a xi v1(x)ρ = −4V ai (x), (8)
where Gσ = g
2
σ, Gω = g
2
ω, Gpi = ~τ1 · ~τ2 f 2pi and Gρ = ~τ1 · ~τ2 g2ρ are the strength
of the meson-nucleon coupling respectively and the values of λP,A,Tσ,ω,pi,ρ are seen
in Ref. [2]. The mixing of the vector-tensor coupling of ρ meson is defined
by a ≡ fρg−1ρ /2M . We have omitted the terms which become zero at x0 = 0.
The spatial dependence of the potential is determined by the Feynman
propagator ∆F (x − x′, mσ) ≡ −i 〈 Tφ(x)φ(x′) 〉 and v(x)σ ≡ −∆F (x,mσ) in
the case of the σ meson exchange interaction. For the other mesons the no-
tation of the potential is analogous to it. At present our interest is limited
to the relative time x0 = 0 and the explicit form of v(x) at the space-like
region (x2 < 0) is
v(x) =
i
(2π)2
· m
z
K1(mz), (z ≡
√
−x2 > 0) (9)
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with the mass m. In Eq. (9) the subscripts i of mi and v(x)i are dropped
for simplicity. The first and the second derivatives of v(x) are
∂µv(x) = −xµv1(x), (10)
∂µ∂νv(x) = −gµνv1(x)− xµxν
z2
v2(x), (11)
v1(x) ≡ − i
(2π)2
· m
2
z2
K2(mz), (12)
v2(x) ≡ − i
(2π)2
· m
3
z
K3(mz). (13)
Here Ki(z) (i = 1, 2, 3) is the modified Bessel function of the second kind.
The pseudoscalar potential (VP (x)) is in the form of the sum of the bo-
son propagators multiplied by the respective factors above. At the distance
|~x| → 0 the inverse square part represents the properties of the potential such
as ∼ 1/|~x|2. The computation of the matrix element is thus done without
the difficulty of divergence.
On the other hand the axial-vector potential (Va(x)) and the tensor poten-
tial (V kj (x)) have the terms of v1(x) and v2(x). They give the inverse fourth
power potential in the leading order at |~x| → 0. To make the computations
tractable and furthermore obtain the convergent result in the Born term we
introduce the regulator for the pion propagator in momentum space
Λ2
Λ2 − p2 ·
1
m2 − p2 − iǫ . (14)
Including the cut-off factor the interactions v(x), v1(x) and v2(x) change as
v(x)→ Λ
2
Λ2 −m2 (v(x)−
Λ2
m2
v(x)Λ), (15)
vi(x)→ Λ
2
Λ2 −m2 (vi(x)− vi(x)Λ). (i = 1, 2) (16)
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The subscripts Λ in v(x)Λ and vi(x)Λ stand for the replacement of the mass
from m to Λ.
Determining the value of the cut-off parameter Λ the higher component
of the four-momentum transfer (|q| ≥ Λ) or the short-range part of the po-
tential (|~x| ≤ 1/Λ) is suppressed effectively. Thus the inclusion of Λ makes
the leading terms of v1(x) and v2(x) expanded in powers of z change from
the original form ∼ z−4 to ∼ z−2, appropriate to the computation of the
Born term. The use of Λ has another meaning that the short-range part of
one-pion exchange potential is partly substituted by the heavier mesons such
as σ meson expressing the two-pion correlation. The tentative value Λ ∼ 500
MeV is adopted here taking account of the calculation of the binding energy
of deuteron.
In our previous study we have used the approximation to the 3S1 state of
elastic scattering by the solution under the inverse square potential part of
V kj (x). To determine the form of the
3S1 state more accurately the potential
V kj (x) in the tensor equation (Eq. (7)) is expanded in powers of r ≡ |~x| and
left up to the constant order as
VT (r) = V−2(r) + V0(r) +O(r
2), (17)
V−2(r) = − 1
(2π)2Mr2
(λTσGσ + λ
T
ρGρ +Gpi
Λ2
m2pi
(1− 2 bJLL′)), (18)
V0(r) = −λ
T
σGσm
2
σ
(4π)2M
(−1 + 2γ + 2 log mσr
2
)
−λ
T
ρGρm
2
ρ
(4π)2M
(−1 + 2γ + 2 log mρr
2
)
+
GpiΛ
2
2(4π)2M
(1 +
Λ2
m2pi
)(1− 2 bJLL′), (19)
bJLL′ ≡ (−1)
L−L
′
+2
2 (1 0 J 0 |L 0) (1 0 J 0 |L′ 0). (20)
Here VT (r) denotes the 〈L|V |L′〉J component of the tensor potential V kj (x)
and in Eq. (19) γ = 0.577 · · · is the Euler’s constant. In the present case the
value b1
00
= −1/3 is used to obtain the wave function for the 3S1 state.
The constant potential V0(r) contains the ∼ log r terms which give rise to
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a difference from the simple form VT (r) = −gM−1/r2 + c0. To incorporate
the logarithmic function we substitute it with the approximate form
log µr → ((µr)η − 1)/η, (η = −2) (21)
giving the coefficients g and c0. The mass parameter µ is introduced to make
the function be dimensionless. The value of µ is determined so as to keep the
strength g = 1/4. Thus the order ν of the Bessel function Jν(kr) remains
at ν =
√
(L+ 1/2)2 − g → 0 from our previous calculation neglecting the ρ
meson exchange interaction. In other words the condition for g is attainable
provided that the ∼ r−2 potential arising from the logarithmic functions in
V0(r) cancels that of the ρ meson in V−2(r). Hence µ is determined as
µ2
0
=
m2ρ
4
(1 +
m2σ
m2ρ
· λ
T
σGσ
λTρGρ
), (22)
where µ0 means the specific value of µ. Using the parameter set of the meson
exchange model the value is found to be µ0 ∼ 450 MeV.
In order to treat the higher-order terms the element of the K-matrix is
calculated by means of the exact wave function | ν >
< L′ | V (Λ0) | ν > = < L′ | V (Λ0) | L > F (Λ), (23)
F (Λ) ≡ F0(Λ) · F1(Λ), (24)
F0(Λ) ≡ < L′ | V (Λ) | ν0 > / < L′ | V (Λ) | L >, (25)
F1(Λ) ≡ < L′ | V (Λ) | ν > / < L′ | V (Λ) | ν0 > . (26)
Here V (Λ0) represents each potential by Eqs. (5) ∼ (7) with the cut-off value
Λ0 ∼ 500 MeV in the pion exchange interaction. | L > is the partial wave
with the orbital angular momentum L. Since the divergence in the numera-
tor of F0(Λ) cancels out that in the denominator the limit Λ→∞ for V (Λ)
is allowed or alternatively the cut-off procedure is not used for F0(Λ) from
the outset as we have done here (F0,1 ≡ F0,1(∞) ). In the previous study
of proton-neutron elastic scattering | ν > for the spin triplet S-wave (3S1)
has been replaced by the solution | ν0 > under the inverse square potential
accompanying the simplification F1 = 1.
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Among the spin observables of proton-neutron elastic scattering it has
been seen in the spin correlation parameter Ayy(θ) that the numerical result
of the calculation by the F1 = 1 approximation is distinct from the experi-
mental data [4]. It would be attributed to the form of the wave function for
the 3S1 state because the enhancement of the matrix element about 20 %
done tentatively increases Ayy(θ) at θ = 90
◦ largely toward the experimental
data. Then we need to determine F1 rigorously to study the relation between
the potential and the elastic scattering.
In order to derive the factor F1 the approximate wave function is used
instead of | ν > by keeping the leading plus next to leading terms in the po-
tential VT (r) (Eq. (17)). Shifting k in the solution under the inverse square
potential such as k → k′ = αk (α ≡
√
1− 2c0/T ) the constant term is
incorporated into the equation conveniently. It is as follows
ψ(r) =
√
π
2kr
(AJν(αkr) +BNν(αkr)), (27)
A = f(cosω + tanδL sinω), (28)
B = f(sinω − tanδL cosω), (29)
f ≡ 1 + α
2
√
α
(≥ 1 ), (30)
where ω ≡ π(L+ 1/2− ν)/2 and δL is the phase-shift parameter of the elas-
tic scattering under the potential V−2(r) + V0(r) in Eqs. (17) ∼ (20). To
derive the coefficients A and B the boundary condition is used connecting
the solution inside the boundary with the outer wave at large distances. The
oscillatory parts stemmed from the constant potential c0 are not included to
proceed the calculation.
When c0 = 0 (α = 1) the phase-shift δL is indefinite and to determine
δL and the normalization constant A the Neumann function part has to be
set equal to zero (B = 0). The Bessel function Jν(αkr) is substituted by
the leading term as Jν(αkr) ≈ ανJν(kr). Whether the approximation to
Jν(αkr) is valid or not is dependent upon the average range 〈kr〉 the inter-
action works, however, it is not yet verified. Consequently F1 results in the
simple form F1 = α
νf , where ν =
√
(L+ 1
2
)2 − g → 0 and making us set
ν = 0.
F1 is calculated by using the value of the laboratory energy T = 500 MeV.
The result is F1 ≈ 1.05, which is too small in comparison with the desirable
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value F1 ∼ 1.2 to reproduce the experimental data of Ayy(θ = 90◦) at the
intermediate energy region. To improve the result the procedure is applied to
the B 6= 0 case. By supposing the condition ψ(r0) = 0 for the wave function
in Eq. (27) at a short-range region r0 the coefficient B is determined as
B = f
Jν(αkr0)
Jν(αkr0) sinω −Nν(αkr0) cosω , (31)
and therefore due to the change of the coefficient A in the Bessel function
part the factor F1 shifts to
F1 = α
ν(f − B sinω). (32)
The zero point r0 may represent the radius of the repulsive core between
two nucleons which is a characteristic of the nuclear force. It is interpreted
that the generation of the mass of pion by the chiral symmetry breaking is
followed by the core in the case of the elastic scattering. The situation is
analogous to the bound state in which the residual part of the interaction
excluding the inverse square potential is essential to construct deuteron.
One of the features of F1 is the dependence on the core radius r0. Since
B is divergent at r0 = rb giving the relation Jν(αkrb) = Nν(αkrb) in Eq.
(31) the value of r0 is taken to be r0 > rb to examine the trend of F1 on r0.
Below rb there is no region of r0 in which the appropriate value F1 ∼ 1 is
attainable. When T = 500 MeV the divergent point is at rb ∼ 0.4 fm and it
is roughly the same value as the one used for the calculation of the binding
energy of deuteron. Fig. 1 shows the factor F1 plotted as a function of r0 at
the laboratory energy T = 500 MeV. It gives the reasonable value F1 ≈ 1.2
at the r0 a rather larger than rb (r0 ≈ 1.25 rb).
The effect of the Neumann function part on F1 is interesting and the
result arising from it is shown below. When ν = 0 the Neumann function
partN0(αkr) in Eq. (27) is expressed by means of the Bessel function J0(αkr)
as
N0(αkr) ∼ 2
π
(γ + log(αkr/2)) J0(αkr) +O((αkr)
2), (33)
neglecting the remaining terms in the order of O((αkr)2). The log(αkr/2) is
replaced by the constant log(α〈kr〉/2) using the suitable value 〈kr〉 → kr0.
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Thus the final result of F1 yields
F1 = α
ν(f − B sinω +B cosω 2
π
(γ + log
αkr0
2
)). (34)
The way of the logarithmic function is acceptable because F1 is not sensitive
much on the choice of 〈kr〉 such that the 10 % shift of 〈kr〉 moves F1 roughly
1 %. As seen in Fig. 1 inclusion of the Neumann part makes F1 (Eq. (34))
lower and in other words which reduces the size of the core radius favorably.
While at the T = 500 MeV region the correction of F1 works well it does
not explain the data of Ayy(θ = 90
◦) at the T = 200 MeV region. Since the
approximation F1 ∼ 1.0 is appropriate in the region of T the c0 = 0 solution
is sufficient to reproduce the experimental data. Then the F1 leaves much
to be improved on the T dependence. An additional change of c0 may vary
the form of the wave function in Eq. (27) so as to provide the most suitable
values of the core radius r0. Without it r0 tends to increase as the energy T
decreases for the optimum value of F1. As seen from α =
√
1− c0M/k2 the
dependence of c0 on k is possibly required to make F1 stay in 1 ∼ 1.2.
The result of the spin correlation parameter Ayy(θ) is shown in Fig. 2
as a function of the scattering angle θ in the center of mass system at the
laboratory energy T = 425 MeV using three values F1 = 1.1, 1.15 and 1.2. As
the value of F1 increases the curve rises and intersects the experimental value
[4] at θ = 90◦ consequently. Since the present formulation of the density
matrix assumes the symmetry of the isospin under two identical nucleons
there exists the relation Ayy(π/2−θ) = Ayy(θ) in the result of the calculation.
It appears that the theoretical value of Ayy(θ = 90
◦) is proportional to the
size of F1. A simple form Ayy(θ) ∼ Re [M011(θ)M01−1(θ) ] ∼ F1 · (cos 2θ − 1)
may represent the dependence of Ayy(θ) on θ using the isospin singlet part
of the M matrix and therefore it has a minimum at θ = 90◦.
In the present study the relative time dependence is neglected to apply to
calculations for elastic scattering. Removing the derivatives on the relative
time the equations are analogous to the Schro¨dinger equation and thus the
phase-shift analysis method is applicable. As the energy decreases the core
radius is required to enlarge to interpret the experimental data and it begins
to occupy the short-range region of the nuclear force. To prevent r0 from
moving an effect is expected in addition to the constant potential although
it is not included here. Besides the corrections with the relative time the
higher-order that is the square potential next to the constant term is feasible.
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Figure 1: The factor F1 as a function of the core radius r0 in units of fm.
The solid line shows F1 with the Neumann function part as given in Eq. (34).
The dashed line shows F1 without the Neumann function part as given in
Eq. (32). The upper two curves are with the laboratory energy T = 200
MeV of the incident nucleon. The lower two curves are with the laboratory
energy T = 500 MeV of the incident nucleon.
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Figure 2: The spin correlation parameter Ayy(θ) of neutron-proton system as
a function of the center of mass scattering angle θ in degree at the laboratory
energy T = 425 MeV. The three curves with F1 = 1.1, F1 = 1.15 and F1 =
1.20 are shown in ascending order. The experimental data is from Ref. [4].
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